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Abstract: Based on a recently introduced model of non-linear
propagation, we propose analytical formulas for the capacity limit of
polarization-multiplexed ultra-dense WDM uncompensated coherent
optical systems at the Nyquist limit, assuming both lumped and ideally
distributed amplification. According to these formulas, capacity fundamen-
tally depends on the transmitted power spectral density and on the total
optical WDM bandwidth, whereas it does not depend on symbol-rate. Also,
capacity approximately decreases by 2 [bit/s/Hz] for every doubling of
link length. We show examples of capacity calculations for specific ultra-
long-haul links with different polarization-multiplexed (PM) constellations,
i.e. ideal PM-Gaussian, PM-QPSK (quadrature-phase shift keying) and
PM-QAM (quadrature amplitude modulation). We show that the launch
power maximizing capacity is independent of link length and modulation
format. We also discuss the usable range of PM-QAM systems and validate
analysis with simulations.
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1. Introduction
Thanks to the revolutionary breakthrough in the field of optical fiber transmission introduced by
coherent detection, the last few years have been characterized by an escalation of new records
in terms of transmission distance, spectral efficiency (SE) and/or total capacity. This has been
made possible by the use of high-order constellations and/or advanced spectral shaping tech-
niques [1–6], together with distributed amplification and new generation fibers. How far this
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process can be pushed depends on the actual ultimate performance limits of optical fiber trans-
mission.
In this scenario, the accurate evaluation of the ultimate capacity of the optical channel has
recently emerged as a topic of great interest to the community [7–12]. In particular, [12] pro-
vides accurate semi-analytical capacity estimates assuming single-polarization and non-linear
compensation through backward-propagation. An important related topic is the optimal choice
of modulation format vs. link characteristics, so that the actual practically obtainable capacity
is maximized.
Here we address these topics using the model shown in [13–15] of the impact of non-
linear propagation in coherent uncompensated transmission (UT) links with both distributed
and lumped amplification. Such model is based on a frequency-discrete perturbative approach
similar to that used in [16–18] for OFDM, adapted for serial transmission. Some of its analyt-
ical results also bear substantial similarity to those in [8], [19], which were obtained using a
different perturbative approach, based on Volterra-series. Very good model accuracy was found
through extensive simulations both with PM-QPSK at the Nyquist limit [13] (that is at symbol-
rate channel spacing with rectangular spectra) and at wider channel spacings with various PM-
QAM formats [14, 15]. A first experimental validation has been shown in [20].
Using this model and assuming the optimal Gaussian constellation [21], we first write a
closed-form expression of the maximum optical channel capacity at the Nyquist limit for sys-
tems employing either distributed or EDFA amplification. We then assess the capacity of real-
istic hard and soft-decision PM-QAM formats, showing a few examples of application of the
capacity formulas. We also assess the capacity of hard-decision PM-QAM formats at larger
than symbol-rate frequency spacings and with non-rectangular spectra, resorting to the inte-
gral formula for the impact of non-linearity provided in [14, 15]. In this case, we validate the
capacity results through a comparison with numerical simulations.
Preliminary results have been presented in [22], assuming terrestrial links, span length of
100 km with EDFA amplification and a hard-decision receiver. In this paper we further elabo-
rate the capacity formulas and extend them to the cases of distributed amplification and soft-
decision. We also add some performance results over submarine links (span length equal to
50 km).
This paper is structured as follows: in Sect. 2 we recall relevant results from [13–15], and
extend them as needed. In Sect. 3 we derive the capacity limits for the case of lumped and ide-
ally distributed amplification and point out certain key properties of such expressions. In Sect. 4
we discuss how to calculate the capacity of specific transmission formats, such as polarization-
multiplexed (PM) quadrature phase-shift-keying (PM-QPSK) and PM quadrature-amplitude-
modulation (PM-QAM). In Sect. 5 we provide a few examples, discussing key aspects of ca-
pacity optimization and identify the optimal usability distance ranges for various practical for-
mats, highlighting BER-capacity relationships and ideal FEC requirements. Finally, we draw
some conclusions.
2. Non-linear interference modeling
Our results are based on the theory introduced in [13–15], which is in turn based, to a significant
extent, on a specific property of UT: the statistical distribution of each of the received constella-
tion points, after digital signal processing (DSP), is approximately Gaussian, with independent
components, even in the absence of added amplified-spontaneous-emission (ASE) noise in the
link [23], [24]. In other words, it appears that the overall effect of non-linear propagation could
be approximately modeled as excess additive Gaussian noise, at least for low-to-moderate non-
linearity. We call this excess noise non-linear interference (NLI).
Based on this assumption, the system bit error rate (BER) then depends on a generalized
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OSNR, defined so as to include NLI noise as follows:
OSNRNL =
PTx,ch
PASE +PNLI
(1)
where PTx,ch is the average per-channel power and PASE is the dual-polarization ASE noise
power within the OSNR noise bandwidth Bn. The NLI noise power PNLI can be written as:
PNLI = GNLI ·Bn (2)
where GNLI is the PSD of NLI. The above formula assumes that GNLI is locally ‘white’. This
is not true in general, but it is very well verified at the Nyquist limit, especially over the center
channel of the WDM comb.
In [13] an approximated but very accurate expression of PNLI at the Nyquist limit was pro-
vided for the case of lumped (EDFA) amplification:
P
EDFA
NLI ≈
(
2
3
)3
Nsγ2LeffP3Tx,ch
ln
(
π2 |β2|LeffN2chR2s
)
π |β2|R3s Bn (3)
where Ns is the number of spans, γ is the fiber nonlinearity coefficient, Nch is the number
of WDM channels and β2 is fiber dispersion. Leff is the effective length, defined as: Leff =
[1− exp(−2αLs)]/(2α), with α the fiber loss coefficient and Ls the span length.
Not shown in [13], a similar expression can also be found for the case of ideal distributed
amplification (DA):
P
DA
NLI ≈
(
2
3
)3
γ2LtotP3Tx,ch
ln
(
π2 |β2|LtotN2chR2s
)
π |β2|R3s Bn (4)
where Ltot is the total link length. Though approximations, both Eqs. (3)-(4) asymptotically
converge to the exact NLI model prediction as the logarithm argument is increased.
As for PASE in Eq. (1), the standard formulas:
P
EDFA
ASE = NsF
(
e2αLs −1)hνBn (5)
and
P
DA
ASE = 4αLtothνKT Bn (6)
can be used, where F is the EDFA amplifiers noise figure, h is the Plank’s constant, ν is the
center frequency of the WDM comb and KT ≥ 1 is a constant which is approximately equal to
1.13 for realistic Raman amplification [12].
Regarding the EDFA amplification scenario, the accuracy of performance prediction based
on Eqs. (1)-(3) at the Nyquist limit was extensively checked for PM quadrature phase-shift
keying (PM-QPSK) in [13]. A more comprehensive test of the NLI model, encompassing
PM-BPSK (binary phase-shift keying), PM-QPSK, PM-8QAM and PM-16QAM (quadrature-
amplitude modulation with 8 and 16 symbols, respectively), was carried out in [14], [15], ad-
dressing also frequency spacings larger than Rs and three different fiber types. All these tests
were performed using simulations based on direct error counting at the receiver. A very good
agreement was found throughout. In particular, the model proved accurate for all the tested for-
mats, confirming, as its derivation appears to imply [14], [15], that it should be valid with any
coherent format of any cardinality. If so, it can then be used together with the ideally Gaussian
constellation which provides the maximum achievable capacity [12], [25].
Note that a first experimental model validation, based on PM-QPSK, was recently presented
in [20]. The experiment too showed good agreement with the model, on three different fiber
types.
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3. Optical channel capacity with Gaussian constellation at the Nyquist limit
Resorting to Shannon’s formula [25] for the unconstrained additive white-Gaussian-noise
(AWGN) channel capacity C = log2(1+SNR) [bit/s/Hz], where SNR is the ratio between the
average signal power and the noise variance at the Rx decision stage, it is then possible to derive
a similar formula for the polarization-multiplexed (PM) optical channel:
C = 2 RsΔ f log2 (1+SNR) [bit/symbol] (7)
with:
SNR = Bn
Rs
OSNRNL. (8)
The relationship between SNR and OSNRNL assumes matched electrical filtering. Note that
since typical Rx adaptive equalizers tend towards matched filtering, this condition is also a
realistic one.
Expressing OSNRNL according to Eqs. (1)-(6), we obtained the following expressions of the
non-linear optical channel capacity for both the EDFA and DA case:
CEDFA = 2 log2
(
1+
GT x
Ns
(
a+b G3T x
)
)
(9)
CDA = 2 log2
(
1+
GT x
Ltot
(
c+d G3T x
)
)
(10)
where the signal PSD GT x = PT x,ch/Rs is a sort of “average energy” of the WDM comb and
a (or c) and b (or d) are related, respectively, to the linear and nonlinear noise contributions
through the following relationships:
a =
(
e2αLs −1)Fhν , b = ( 23)3 γ2Leff ln(π
2|β2|LeffB2WDM)
π|β2|
c = 4αhνKT , d =
( 2
3
)3 γ2 ln(π2|β2|LtotB2WDM)π|β2|
(11)
where BWDM = Nch ·Rs is the total WDM optical bandwidth.
Eqs.(9)-(11) provide a closed-form capacity limit for the dual-polarization non-linear optical
channel with UT, that is a sort of “optical non-linear Shannon-limit”. They also emphasize the
fact that capacity does not depend on the symbol-rate, as long as the signal PSD and WDM
bandwidth remain constant. Capacity decreases as BWDM is increased, though weakly due to
the logarithm. This behavior is characteristic not only of the PM-Gaussian constellation which
yields the ultimate capacity limits, but it can be shown to hold for any PM coherent format
with UT. For instance, for PM-QPSK at the Nyquist limit a similar performance invariance vs.
the symbol-rate was found in [13], though in terms of BER rather than capacity. A simulative
validation was provided too.
In Fig. 1 we plot the capacity limit in bit/symbol (equivalent, at the Nyquist limit, to bit/s/Hz)
vs. the launch power per channel. We assume ideal DA with KT = 1 (Fig. 1a) or EDFA amplifi-
cation with F=5 dB and Lspan=100 km (Fig. 1b). 125 channels at 32 GBaud each are considered,
covering a total optical bandwidth BWDM of 4 THz (approximately the C band). Each curve
refers to a different system length, from 500 to 8000 km for DA and from 100 to 1600 km
for EDFA amplification. The fiber is standard single-mode (SSMF) with same parameters as
in [12]: γ = 1.27 1/W/km, α = 0.22 dB/km, β2 =−21.7 ps2/km.
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Fig. 1. Capacity limit vs. launch power per channel at different system lengths with ideal
distributed-amplification (a) and EDFA amplification with F=5 dB, Ls=100 km (b). As-
sumptions: UT and PM-Gaussian constellation, 125 channels at 32 GBaud, channel spac-
ing equal to symbol-rate, resulting in a total optical bandwidth of 4 THz. Dashed lines:
Shannon limit - Eq. (7). Solid lines: non-linear capacity limit - Eq. (9),(10).
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Figure 1 has two distinctive features. First, the peak capacity appears to decrease by about
2 bits/symbol for every doubling of distance. To verify this visual guess, we derived from
Eqs. (9)-(11) the expressions of peak capacity for both the EDFA and DA cases:
CEDFAmax = 2log2
⎛
⎝1+ 2
1
3
Ns [(e2αLs −1)Fhν ]
2
3
[
γ2Leff ln
(
π2|β2|LeffB2WDM
)] 1
3
⎞
⎠ (12)
and
CDAmax = 2log2
⎛
⎝1+ 2
1
3
Ltot [4αhνKT ]
2
3
[
γ2 ln
(
π2|β2|LtotB2WDM
)] 1
3
⎞
⎠ (13)
Fixing all other parameters, and neglecting the dependence on Ltot within the inner logarithmic
term in Eq. (13), it is easy to derive approximate laws for the peak capacity which confirm the
decrease of about 2 bits/symbol for every doubling of distance for both EDFA and distributed
amplification:
CEDFAmax ∝ −2log2 (Ns) , CDAmax ∝ −2log2 (Ltot) (14)
Note that the previous relationships hold in general for capacity at any channel power, as can
be easily derived from Eqs.(9)-(10).
The other distinctive feature of Fig. 1 is the fact that all maxima occur at approximately the
same PTx,ch ( -0.9 dBm for the EDFA case and  -9.0 dBm for distributed amplification),
independently of link length. We will further discuss this aspect in Sect. 4. Note also that, as
shown in [26,27], the optimum channel power corresponds to the case in which the power of the
nonlinear interference is exactly half of the power of the ASE noise. As an example, the values
of PASE and PNLI corresponding to the optimum launch power of -0.9 dBm in Fig. 1b can be
evaluated using Eqs.(3) and (5), obtaining, at 1600 km, PASE -18.9 dBm and PNLI -21.9 dBm
over a 0.1 nm bandwidth.
Figure 1 appears to be similar to Fig. 3 in [12]. Our values are slightly less than twice those
in [12]. The doubling stems from the fact that we assume dual-polarization, whereas [12] as-
sumes single. Also, Eqs. (9)-(10) include cross-polarization interference, which could in part
justify values slightly lower than double, together with the fact that [12] used (single-channel)
backward propagation non-linear compensation in the receiver simulation.
4. Optical channel capacity for realistic constellations
To obtain capacity estimates for generic PM coherent formats in UT links, we resorted to the
standard formulas of capacity over AWGN [21], [25], specific of each format, adapting them to
the polarization-multiplexed optical channel. Assuming that all symbols have the same a priori
probability, the channel capacity for hard-decision is given by:
Chard = 2 RsΔ f
1
M ∑
a∈X ,b∈Y
PY |X (b|a) log2
PY |X (b|a)
PY (b)
(15)
where M is the number of constellation points, X = {x1, . . . ,xM} is the set of possible trans-
mitted symbols,Y = {y1, . . . ,yM} is set of the output symbols after hard-decision, PY |X (b|a) is
the probability of receiving the symbol b when the symbol a has been transmitted, PY (b) is the
probability of receiving the symbol b.
Similarly, assuming soft-decision, we get:
Cso f t = 2 RsΔ f
1
M ∑a∈X
∫
pY |X (y|a) log2
pY |X (y|a)
pY (y)
(16)
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Fig. 2. Capacity vs. launch power spectral density after 1000 km (a-c) and 5000 km
(b-d) over SSMF with span length 100 km. WDM transmission over the whole C-band
(BWDM=4 THz) at the Nyquist limit (rectangular spectra with spacing Δ f = Rs). Markers:
curve maxima.
where y is the soft value at the output of the channel, pY |X (y|a) is the probability density
function of the random variable y, pY (y), conditioned to the transmission of the symbol a.
Assuming transmission over an AWGN channel and using standard information theory re-
sults [21], it is possible to evaluate analytically all transition probabilities in Eqs. (15)-(16)
in terms of SNR at the receiver. In a PM optical channel, the values of SNR can be derived,
through Eq. (8), from the generalized OSNR of Eq. (1). When the channel spacing Δ f is equal
to the symbol-rate Rs, the amount of PNLI, required to estimate the OSNRNL, is evaluated using
Eqs. (3)-(4). If Δ f > Rs, PNLI can be obtained by resorting to the integral formula provided
in [13–15], solving it by numerical integration.
5. Examples of application of the capacity formulas
5.1. Terrestrial link with EDFA amplification - Nyquist limit
As an example, in Fig. 2 the values of capacity obtained for PM-QPSK, PM-16QAM and PM-
64QAM with both hard and soft decision and EDFA amplification are shown for two distances
(1000 and 5000 km) over SSMF fiber. The plateau of 4 bit/symbol reached by PM-QPSK at
1000 km means that, at this link length, capacity is limited by the cardinality of the constellation
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rather than by signal degradation. This means that the “asymptotic effect”, caused by the finite
number of constellation symbols, occurs largely before the limitation due to non linear effects.
PM-16QAM almost reaches its 8 bit/symbol theoretical maximum, while PM-64QAM is sig-
nificantly limited and falls well short of its ideal 12 bit/s/Hz. The PM-Gaussian constellation
is theoretically optimum and therefore it outperforms all other formats. Going to 5000 km, the
values of capacity decrease for all formats, as expected, with higher-order modulation formats
being far away from their ideal capacity values.
Table 1. Raw (pre-FEC) BER values corresponding to the maximum capacity points (dia-
mond markers in Fig. 2).
1000 km 5000 km
PM-QPSK 6 ·10−8 9 ·10−3
PM-16QAM 7 ·10−3 1 ·10−1
PM-64QAM 7 ·10−2 2 ·10−1
Notice the somewhat counter-intuitive result, which is found for any fiber length or system
parameters, that higher-cardinality constellations potentially deliver a higher net capacity than
lower-cardinality ones (though needing more complex FECs to do so). The same result is found
in Shannon’s theory for the AWGN channel and the reason why the non-linear UT optical
channel behaves similarly is that NLI noise can be approximated as AWGN as well.
One prominent feature of Fig. 2 is that the optimum launch power is independent of link
length (for a fixed span length) and is the same for every modulation format (either Gaussian
constellation or QAM modulations). In fact, the value of the optimum signal PSD which maxi-
mizes the channel capacity, obtained from Eq. (9), is:
GEDFAT x,opt =
( a
2b
) 1
3
=
3
24/3
(
(e2αLs −1)Fhνπ|β2|
γ2Leff ln
(
π2|β2|LeffB2WDM
)
) 1
3
(17)
and clearly the number of spans does not appear in it. A similar formula can be derived for
distributed amplification as well, using Eq. (10):
GDAT x,opt =
( c
2d
) 1
3
=
3
24/3
(
4αLtothνKT π|β2|
γ2Ltot ln
(
π2|β2|LtotB2WDM
)
) 1
3
(18)
Note however that the capacity maximum is reached at very different BER values among
formats. It is in fact their high pre-FEC BER values that make PM-16/64QAM capacity sub-
stantially lower than ideal. The values of pre-FEC BER corresponding to the maximum capacity
points (diamond markers in Fig. 2) are shown in Table 1. Notice that pre-FEC values are ob-
viously hard-decision-based, and therefore they are the same, whether the subsequent FEC is
either hard or soft. Using soft-decision FECs, higher values of capacity can be achieved with
respect to hard-decision FECs, essentially because soft-FECs need a lower redundancy than
hard-FECs to obtain virtually error-free, but the advantage is quite moderate: as an example,
at 1000 km the maximum capacity increases from 7.6 to 7.8 bits/symbol for PM-16QAM and
from 8.2 to 9 bits/symbol for PM-64QAM.
Note also that the ratio between the lost (hard or soft) capacity and the maximum capacity
of a format corresponds to the minimum required ideal (hard or soft) FEC overhead necessary
to obtain an arbitrarily low BER [21]. When using soft decision, the loss in capacity is lower,
meaning that a lower FEC overhead is required than in the hard decision case. Practical FECs of
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Fig. 3. Maximum capacity vs. transmission distance, over SSMF with span length 100 km
and EDFA noise Fig. 5 dB. Solid curves: soft decision. Dashed curved: hard decision.
WDM transmission over the whole C-band at the Nyquist limit (total optical bandwidth
BWDM=4 THz, symbol-rate spacing, rectangular spectra).
course need higher overheads, although state-of-the-art FECs come rather close to the minimum
required overhead.
The dependence of maximum capacity on total link length is plotted in Fig. 3 for both hard
and soft decision, assuming C-band transmission at the Nyquist limit. The results of Figs. 3
clearly highlight the trade-off between distance and capacity, in relation to the different modu-
lation formats. Increasing the cardinality of the constellation, a higher capacity can be achieved,
but typically over a shorter transmission distance and/or at a higher required FEC complexity.
As an example, in Fig. 3, assuming a reference 20% hard-FEC overhead, the system can reach a
distance of up to 500 km using PM-64QAM, 2000 km using PM-16QAM and 10000 km using
PM-QPSK, approximately.
5.2. Terrestrial link with EDFA amplification - 32 Gbaud with 50 GHz spacing
Figure 4 addresses a more realistic case of transmission of 32-Gbaud channels with 50 GHz
spacing, where the number of channels was set equal to 11 in order to be able to validate the
results through numerical simulations (dots in figure). Capacity was predicted using Eq. (7),
together with Eq. (4) in [13]. The latter provides PNLI when the spacing is different from the
symbol-rate, and requires numerical integration. Note that the plateau values of channel capac-
ity in Fig. 4 are lower than ideal due to the loss of spectral efficiency induced by the channel
spacing being larger than the symbol-rate (Rs/Δ f = 32/50 = 0.64). The simulation dots were
obtained by estimating the capacity from BER values [12], [21] and show a good agreement
with the predicted capacity. This confirms the accuracy of the NLI model [13–15] and, as a
consequence, of capacity estimation based on it.
Note that, at any given distance the capacity values of Fig. 3 are always larger than those of
Fig. 4, which shows that from the viewpoint of maximizing capacity, tighter spectral packing
should be pursued: the greater impact of non-linearity is not enough to offset the capacity gain.
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Fig. 4. Maximum hard-decision capacity vs. transmission distance for 11 channels at
32 Gbaud and 50 GHz spacing over SSMF with span length 100 km and EDFA noise
figure 5 dB. Solid curves: analytical prediction. Dots: simulations.
5.3. Submarine link with EDFA amplification and PSCF fiber - Nyquist limit
In this subsection we analyze the capacity of a submarine link, assuming a typical span length
equal to 50 km, with EDFA amplification over pure-silica-core fiber (PSCF). The dependence
of maximum capacity on total link length is plotted in Fig. 5 for both hard and soft decision,
assuming C-band transmission at the Nyquist limit. The fiber parameters are: γ = 0.9 1/W/km,
α = 0.18 dB/km, β2 =−26.3 ps2/km.
Obviously, decreasing the span length allows to increase the maximum reachable distance
for all modulation formats. This plot shows that, potentially, also PM-16QAM could reach
ultra-long-haul distances (beyond 8,000 km with 20% hard-FEC overhead) over submarine-
like links.
6. Conclusion
We have derived simple analytical capacity-limit formulas, based on a recently proposed non-
linear propagation model for uncompensated transmission, both with lumped and ideal distrib-
uted amplification. We have also shown how to evaluate the capacity of any specific transmis-
sion format at the Nyquist limit. The found results are consistent with the simulation results
in [12].
Our formulas permit to clearly assess the dependence of capacity on the main link param-
eters. For instance, from Eqs.(9)-(10) we infer that dispersion improves capacity, whereas the
symbol-rate has no effect as long as the transmitted power spectral density and total WDM
bandwidth are kept constant.
We have also estimated the capacity of various practical modulation formats with hard and
soft-decision, validating the results with simulations. We have shown that the launch power
density which maximizes capacity is independent of format and link length (all other parame-
ters fixed). Moreover, resorting to tighter spectral packing appears to improve capacity despite
the greater non-linear effects it excites. Finally, we have discussed the optimal distance range of
#155767 - $15.00 USD Received 30 Sep 2011; revised 16 Nov 2011; accepted 16 Nov 2011; published 22 Nov 2011
(C) 2011 OSA 12 December 2011 / Vol. 19,  No. 26 / OPTICS EXPRESS  B448
100 200 500 1000 2000 5000 10000 20000 50000
0
2
4
6
8
10
12
14
16
18
L [km]
Ca
pa
cit
y 
(bi
ts/
sy
mb
ol)
PM−64QAM
PM−16QAM
PM−QPSK
PM−Gaussian
constellation
Soft decision
Hard decision
Fig. 5. Maximum capacity vs. transmission distance, over PSCF with span length 50 km
and EDFA noise figure 5 dB. Solid curves: soft decision. Dashed curved: hard decision.
WDM transmission over the whole C-band at the Nyquist limit (total optical bandwidth
BWDM=4 THz, symbol-rate spacing, rectangular spectra).
PM-QPSK, PM-16QAM and PM-64QAM, in terms of delivered capacity with reasonable com-
plexity (20% hard-FEC overhead), assuming EDFA amplification and either 100-km SSMF or
50-km PSCF spans. The obtained results clearly highlighted the trade-off between capacity and
reach for each modulation format.
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